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Abstract 



In the 1960's, Dwork developed a p-adic cohomology theory of de Rham type for varieties over finite 
fields, based on a trace formula for the action of a Frobenius operator on certain spaces of p-analytic 
functions. One can consider a purely algebraic analogue of Dwork's theory for varieties over a field of 
characteristic zero and ask what is the connection between this theory and ordinary de Rham cohomology. 
KatzM, [141] showed that Dwork cohomology coincides with the primitive part of de Rham cohomology 
for smooth projective hyp ersurf aces, but the exact relationship for varieties of higher codimension has 
been an open question. In this article, we settle the case of smooth, affine, complete intersections. 

q '. §1. Introduction 



We refer the reader to Katz|15| for general information on connections, de Rham cohomology, and the 
Gauss-Manin connection. Some of this material will be reviewed in section 2. A convenient reference for 
the properties of smooth schemes that we use is Altman-Kleimanpl, Chap. VII, sect. 5]. Let S be a smooth, 
equidimensional C-scheme and X a smooth, equidimensional S-scheme of relative dimension N. Let Y C X 
be a smooth, closed S'-subscheme, purely of codimension r. Let £ be a locally free O^-module of finite rank 
with an integrable C-connection 



V:£^n^ /C (g)£. 



Let j : Y <—> X be the inclusion and let 

S3' 



W:.f(£)-r£ /c ®.r(£) 

Oy 

be the pullback of V to a connection on j*(£). We consider the problem of computing the Gauss-Manin 
connection (an integrable C-connection) on the de Rham cohomology sheaves 

HZ R (Y/S,(f(S),V Y )), 

the hypercohomology of the functor "direct image under the map Y — > S" with respect to the complex 

^Y/S^Oyfi 8 )- 

In this article, we treat the case where S, X, Y are affine. Let X = Spec(A) and let /i, . . . , f r £ A. Let 
yx, . . . , y r be indeterminates and consider 

A r x =Spec(A[yi,...,y r ]) 
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with projection tt : A r x — ► X. Put 



3 = 1 



Let Va 7- be the pullback of V to a connection on tt*(£). We let Vf be the "twist" of Va 7 by expF, i. e., 

V F (e) = V Ai (e) + d A r x/c F ® e, 

where e is a section of 7r* (£) over an open subset of A^ . We say that f\ , . . . , / r € A define a smooth complete 
intersection Y C X if Y = Spec(^4/(/i, . . . , / r )) is a smooth 5-scheme of codimension r in X . In particular, 
y is regularly immersed in X . 

Our main result is the following. 

Theorem 1.1 Suppose /i, . . . , f r define a smooth complete intersection Y Q X. Then for every n£Z there 
is an isomorphism of Os -modules with C-connections 

HZ R (Y/S,(j*(£),S7 Y )) * H^+ 2r (A x /S,(n*(£),W F )). 

For example, suppose S = Spec(i?) and X = A^. Let £ = Ox with the standard connection, so 
that j*(£) = Oy with the standard connection. Then the left-hand side is just the de Rham cohomology 
H^ K (Y/S) of the smooth complete intersection Y C A^ defined by /i, . . . , f r G R[xi, . . . , xn}- We consider 
the top-dimensional cohomology group. Put C = R[xi, . . . ,xn,Vi, ■ ■ ■ ,Vr\, the coordinate ring of A^. 
Writing out the connection Vf in local coordinates, we see that the theorem implies 

H^ r (Y/S)~C / (f^DM+i^DytiC)), (1.2) 

where 

D n = £; + /<. (1-4) 

Furthermore, for d £ Derc(-R), the action of d on H^ R r (Y/S) via the Gauss-Manin connection is identified 
under this isomorphism with the action induced on the right-hand side of (1.2) by the action of 

r 

D d = d + J2yjff (1.5) 

3=1 

on C, where d acts on elements of C (i. e., polynomials over R) by acting on their coefficients. (In particular, 
fj denotes the polynomial obtained from fj by applying d to its coefficients.) 

In general, by allowing one to replace Y by A^ and thus work more globally, the theorem makes the 
Gauss-Manin connection easier to compute. As an application, we show that periods of differential forms on 
smooth complete intersections in A^ satisfy hypergeometric differential equations. Specifically, we consider 
a spanning set of cohomology classes of H DR r (Y/S) and for each of these cohomology classes we construct 
a left ideal in the ring of differential operators on R that annihilates it. This construction gives a new 
procedure for computing Fuchs-Picard equations of complete intersections. 

Remark. The statement of Theorem 1.1 makes sense only in the affine case, where one has global regular 
functions fi,...,f r defining the subvariety Y and the connection Vf . However, even when X is not affine, 
an analogue of Theorem 4.5 below remains valid. In this context, our result is closely related to a theorem 
of Hartshorne]l2|, Chapter III, Theorem 8.1]. We plan to return to this topic in a future article. The affine 
case is sufficient for the application to hypergeometric differential equations treated here. 

The cohomology groups on the right-hand side in Theorem 1.1 are the "Dwork cohomology" referred to in 
the title of this article. The first result in the direction of Theorem 1 . 1 was proved by Katz [O, n4fl . Motivated 



by Dwork's calculations M , which showed that the deformation equation in Dwork's p-adic cohomology theory 
was identical to the corresponding Fuchs-Picard equation, Katz proved that Dwork cohomology coincides 
with the primitive part of de Rham cohomology for smooth projective hypersurfaces. It was an open question 
to determine the relation between these two cohomologies for smooth complete intersections of codimension 
greater than one. This is what we accomplish here. 

This paper is organized as follows. In section 2, we briefly review some properties of connections. In 
section 3, we use the Leray spectral sequence of the composition A^ — ► X — > S to reduce Theorem 1.1 
to Theorem 4.5. Theorem 4.5 is then proved in sections 4 and 5. In section 6, we show that de Rham 
cohomology classes on a complete intersection satisfy hypergeometric differential equations. 

The results of this article have been generalized by Dimca et al.0. Using the theory of 2?-modules, they 
obtain stronger results while avoiding some of the more computational aspects of our approach. 

§2. Connections 

We review some basic properties of connections on affine schemes. Let S — Spec(i?), where R is a smooth 
C-algebra and X = Spec (A), where A is a smooth i?-algebra. Let Y C X be a smooth, closed S-subvariety, 
say, Y = Spec(B) with B = A/ 1. We use algebraic rather than geometric notation, e. g., we write Q\/ R 
rather than Q, l x/S . Let M be an A-module with a C-connection V, i. e., a homomorphism of abelian groups 

V:M-vO^ /c 0M (2.1) 



satisfying 



\7(am) — aV(ni) + d^/ c a (g> m 



for all a £ A, m £ M, where d^/ c denotes the exterior derivative. It is also convenient to think of a 
C-connection as an A-linear map 

V:Der c (A) -> End c (M), 

where Deic(A) denotes the Lie algebra of Cdinear derivations of A. Let Mb = M^) A B. We define a 
connection on Mb by pullback. Specifically, tensoring (2.1) with B gives a map 

Af B ^^ /c (g)M B ~(f^ /c (g)B)(g)M B . (2.2) 

A A B 

The natural map Q\/ c &>a B — ► ^s/c induces 

(n 1 A/c <g)B)<g)M B ^n 1 B/c <g)M B . (2.3) 

A B B 

The composition of (2.2) and (2.3) defines a C-connection on the i?-module Mb, which we denote by Vs. 
When V is an integrable connection, there is an associated de Rham complex tt A ,„ §Q A M whose differ- 
ential we denote by the same symbol used for the connection. For later use, we recall that 

V:^ /c (g)M^^(g)M 

A A 

is the homomorphism of abelian groups given by 

V(w ® m) = d A/c uj ®m+ (-l) n w A V(m), (2.4) 

where u) £ ft^ , c , m £ M, and u A V(m) denotes the image of u> ® V(m) under the canonical map 



A C-connection on M is, in a natural way, an i?-connection via the map Q\/ c — ► &a/r ( or ' e( l u i v ~ 
alently, via the inclusion Der R (A) C Derc(-A)). By abuse of notation, we also denote the i?-connection 
by V. Furthermore, if V is an integrable connection, then so is V#. In this case, V (resp. V#) gives 
rise to an associated de Rham complex (Q' A , R (g) A M, V) (resp. (Q' b /r®bMb,^b)). We denote by 
Hg R (A/R,(M,V)) (resp. H^ R (B / R, (M B ,V #))) the cohomology groups of this complex. We wish to 
compute the HQ r (B/R,(Mb,Vb)) and their associated Gauss-Manin connections when M is projective 
of finite rank. (We recall that the elements of Dcrc (R) act on this cohomology group via the Gauss-Manin 
connection, which is integrable.) 

Let j/i,..., y r be additional variables and consider A^ with coordinate ring C — A[yi, . . . , y r \. Let 
fi,...,f r S A and put 

r 

i=i 

Put Mc = M ®a C an< ^ define a C-connection Vc on the C-module Mc by pullback as before. We define 
another connection V F on Mc by twisting with expF. Specifically, for /i s Mc, we put 

Vf(/x) = V C (/x) + d c/C F ® ix. 

As before, these define i?-connections as well, and when V is integrable, so are Vc and V F . We consider 
the complex (£l' C / R ® c Mc, V F ) and its cohomology groups H^ R (C/R, (Mc, V_f)). 

Now suppose that /i,...,/ r define a smooth complete intersection Y C X, i. e., Y = Spec(A/J), 
/ = (/i, . . . , / r ), is a smooth i?-scheme of codimension r in X. Theorem 1.1 can be restated in the following 
form. 

Theorem 2.5 Suppose fi, ■ ■ ■ , f r define a smooth complete intersection Y C X and M is a projective A- 
module of finite rank. Then for every n £ Z there is an isomorphism of R-modules with C-connections 

H£ n (B/R, (M B , V b )) ~ K+ 2r (C/R, (M c , V F )). 

§3. Leray spectral sequence 

The purpose of this section is to describe the relation between the cohomology of the complexes £l' c , R ® c Mc 
and W C , A ® C Mc, both with connection Vf. We denote the cohomology groups of the latter complex by 
H^ R (C / A, (Mc,y f))- They are A-modules with a C-connection (the Gauss-Manin connection), which we 
denote by S. There is a Leray spectral sequence ( |lq , Remark (3.3)]) 

E™ = H£ R (A/R, (Hl K (C/A, (Mc, V F )), 5)) => H^(C/R (M c , V F )). (3.1) 

Theorem 3.2 Suppose f\, . . . ,f r define a smooth complete intersection Y C X and M is a projective A- 
module of finite rank. Then 

H q DR (C/A, (Mc, V F )) =0 forger, (3.3) 

hence the Leray spectral sequence (3.1) collapses and we get isomorphisms of R-modules with C-connections 



H£ R (A/R, (H^ R (C/A, (M C , V F )), 5)) ~ K+ r (C/R, (M c , V F )) for all 



n . 



Before beginning the proof, we describe the action of Vf on Sl C / A ® c M-c m terms of the local coordinates 
j/i, . . . , y r . An element of Q c /A ®C ^c can be written uniquely as a sum of elements of the form 

U = H dyj ± A • • • A dyj n 

with n G M c - Then 

V F (w) = (J2 D V] (jj) dyA A dy h A • • • A dy jn , (3.4) 

V,=i / 



where D Vj is given by (1.4). Of course, /i £ Mc can be uniquely written as a sum of elements of the form 
my I 1 ■ ■ ■ y^ T with to G M, and we have 

D V] (my? 1 ■■■y^) = ajmy^y? ■ ■ ■ tf* + U™vT ■ ' ' Vr r • (3-5) 

We now define a grading and filtration on Mc that will be used throughout this article. An element of 
Mc can be uniquely written as a sum of elements of the form myj 1 • ■ • y" r with m G M . We define 

deg^y" 1 • • ■ y° r ) = oi H h a,.. 

Let M c C Mc be the i?-span of elements my°, to € M, with deg(m?/ a ) = d. The corresponding (increasing) 
filtration F. on Mc is defined by letting F^Mc be the i?-span of those elements my a of degree < d. 
Proof of Theorem 3.2. We extend the filtration F. to fl' c , A ® c Mc by defining 

Wc/A (g) M c ) = c/i (g) F d M c . 
c c 

To prove the vanishing result (3.3), it suffices to prove the corresponding result for the associated graded 
complex relative to this filtration. By (3.4) and (3.5), the associated graded complex is just the Koszul 
complex on Mc defined by fi, . . . , f r . This Koszul complex obviously decomposes into a direct sum over 
(oi, . . . , a r ) G N r of copies of the Koszul complex on M defined by /i, . . . , f r . Since projective modules are 
locally free and cohomology commutes with localization, we may assume that M is a free A-module of finite 
rank. We are thus reduced to proving the following. 

Lemma 3.6 Let Kos(A; /i, . . . , f r ) be the Koszul complex on A defined by /i, . . . , f r . Then 

H n (Kos(A;f u ...,f r ))=0 forn^r. 

Proof. The cohomology groups of this Koszul complex are ^-modules and cohomology commutes with 
localization, so it suffices to prove the corresponding vanishing of cohomology for each of the local rings A p , 



where p is a maximal ideal of A. Since these cohomology groups are supported on Y (|17, Theorem 16.4]), 
we may assume p corresponds to a point of Y. But the smooth complete intersection hypothesis implies 
that for such p, the images of /i, . . . ,/,. in A p form a regular sequence. The assertion then follows from 
well-known properties of regular sequences. 

Corollary 3.7 Suppose f±, . . . , /,■ define a smooth complete intersection Y C X and M is a projective A- 
module of finite rank. Suppose [ij G FdMc, j = l,...,r, are such that 53i=i-^i/,j-G u j) e Fd-iMc- Then 
there exist ^ G Fd-iMc, j — 1, ■ • ■ , r, such that Y^=i d vj (jJ-j) = Y?j=i D y 3 (Pi)- 

Proof. Let fi- ' denote the homogeneous component of degree d of fj,j. The hypothesis implies that 

Y?3=ifil*j = °> L e -> £j=i(- 1 ) i_1 /4 ^lA'-Adj/j A---Ady r is an (r- l)-cocycle in Kos(M c ; f u . . . , f r ). 
But we have just seen that the (r — l)-st cohomology group of this complex vanishes, hence there exists 
a skew-symmetric set {toj}[ j=1 (i. e., rjji = —rjij), with toj G Mq , such that [A = Yfk=i fkVjk- Define 
Hj = IH - J2l=i DykiVjk)- Then ^ G F d -iM c and Y?j=\ £> % 04) = Z)j=i d vj(h) b y tne skew-symmetry 
of {%•}. 

§4. The fundamental quasi-isomorphism 

To simplify notation, we put 

M = H^{C/A,{M C ,V F )), 

an A-module with the C-connection 5. Concretely, by (3.4) we identify 

M = M c /j2 D vM I c)- (4.1) 



The connection 6 can be described explicitly as follows. For /i e Mc, let [n] denote its image in M. Let 
m G M and write 

V(m) =^w fe ®TO fc , (4.2) 

fc 



ct 



with Wfc S ^^/d and m^ £ M. From the definition of \7 p we gi 

r 

^([my? 1 • • • yM) = £> fc ® [m k y? ■ ■ ■ y?} + £ d A/R fj ® fem^ 1 • • • y^]. (4.3) 

k j=i 

More generally, by (2.4), the map 5 : £1",^ (g) A M -► ft™~^ (g) A M is given by 

5{w [my? 1 • • • y^]) = rf A/iJ w [my" 1 • • • y^] + (-l) n Qw A w fc ) ® [m^J 1 • • • y^] + 

fe 

r 

(-1)" £> A d A/R fj) ® ferny? 1 • • • y?]. (4.4) 



Theorem 3.2 gives 

Tin (AID (TUT X\\ ~ E, 

'DR 

In view of this isomorphism, Theorem 2.5 is an immediate consequence of the following. 



H£ R (A/R, (M, 6)) ~ H^(C/R, (M c , V F )). 



Theorem 4.5 Suppose fi, . . . , f r define a smooth complete intersection Y <Z X and M is a projective A- 
module of finite rank. Then there is a quasi-isomorphism 

* : i^B/R (g) Mb, Vb) - (a A/R [-r] (g) M, 5) 

B A 

that induces isomorphisms of R-modules with C-connections 

H£ R (B/R, (M B , Vb)) * H£+ r (A/R, (M, S)) for all n. 

The proof of Theorem 4.5 will occupy the remainder of this section and the next section. In this sec- 
tion, we define $, check that it respects the C-connections, and show that it is an isomorphism onto a 
subcomplex L'[— r] of fl' A , R [—r]^) A M. In section 5, we prove that the inclusion U '—* £l' A , R (^) A M is a 
quasi-isomorphism. 

We begin by extending the filtration F. on Mc defined in the previous section to the complex Cl' A , R ® A M. 
Since Mis a quotient of Mc, we get an induced filtration on M which we denote by F. also. Note that by 
Corollary 3.7 there is a natural identification 

F d M = F d M c /J2 D Vi ( F dMc)- (4.6) 

In what follows, we often make this identification without comment. We define the filtration F. on Cl' A , R &) A M 
by setting 

Fd(^A/R M) = n n A/R (g) F d+n _ N M, 

A A 

where we denote by N the relative dimension of Spec(A) over Spec(i?). In particular, Q A / R is locally free of 
rank N and the complex Q,' A , R ® A M has length N. The indexing is chosen so that S respects the filtration, 
i. e., 

S(F d (n A/R ®M)) C F d (Q n A y R (g)M). 

A A 

Since F d M — for d < 0, we have 



F d(^A/R M ) = ioi d<N -n. 

A 



Note that by (4.6), 



F Q M = F M C / J2 D yj (F M C ). 
Identifying FqMc with M and using D Vj (M) = fjM, we get 

F M = M I ^2 fjM ~ M B . 

' 3=1 

Thus for all n we have the identification 



FN-n(ni,R (g) M) = n£ /fl (9) M s . (4.7) 



'A/R^y al ! - "A/fl 

yn.+ r 



We define a map $ : f^ /fl , ® A M B -» fi^/J ® a ^b by the formula 

$(0 = (-l) nr d A /Ji/i A • • • A <fc/«/ r A i, (4.8) 

where the exterior product on the right-hand side denotes the image of 

(d A /Rfi A • • • A d A/R f r ) <g> £ £ Wa/r (g ( n A/R (g) Me 

A \ A 



in W]u R (3)^ Mb under the canonical map. 

Lemma 4.9 ker $ = ^ Ul»y£ A rf^/^/i) (g M B 

Proof. It suffices to check equality locally. Since M is a projective A-module we may assume M is 
free and thus reduce to the case M = A. Localizing further if necessary, we get that Q\/ R ®a B is a. free 
S-module of rank N and 

^ n A/R<S> B "/\( n A/R<S> B 
A ^ A 

(isomorphism of -B-modules). We are thus in the situation of pi. The smooth complete intersection 
hypothesis implies that the ideal of B denoted by the symbol "script- A" in [pi is the unit ideal. The desired 
conclusion then follows from part (i) of the theorem of [Q . 
Using the identification 

W\ /R (g Mb I (J2 (^T/r A d A/R f 3 ) (g Mb) x n n B/R (g M B 

A ' \j'=l ^ ' A ' B 

and the identification (4.7), we see that, by the lemma, $ induces an imbedding 

* : n B/R (g) M B <-* n n A + r R (g M for all n. 

B A 

We show that $ is a homomorphism of complexes. Every element of Q, B , R ® B Mb is a sum of elements 
of the form u> ® rh with u) E ^a/r anc ^ m ^ M, where Q denotes the image of lu under the composition 

^A/R — ^A/R Qy A ~* ^A/R Qy B ~~* ^B/R 
A A 

and m is the image of m under the canonical surjection M — > Mr- Thus to show $ is a homomorphism of 
complexes, it suffices to show 

£($(u> <g> m)) = <&(V B (u><g>m)). (4.10) 

7 



If V(m) is given by (4.2), then the definition of Vb gives 

Vfi(ro) = J^ u> k m fe , 

hence by (2.4) we have 

Vs(u <g> m) = d B / R Lu (g) m + (-1)™ Y^(w A Wfc) <g> m fe . 

This gives 

$(Vij(w®m)) = (-l)" r+r (d j4/fl /i A--- Ad A/R f r Ad A / R u>)®fh + 

(-l) nr+r+n J2( d A/R.h A • • • A rf A/i? / r A w A «fc) fh k - 

k 

From the definition of $ we have 

$(w <g> m) = (-l) nr (rfA/ii/i A • • • A dx/fl/r Aw)® [to], 

hence from (4.4) 

£($(w®to)) = {-l) nr d A/R {d A/R h A--- Ad A/R f r Aw)® [to] + 
(-l) nr+ " +r ^/«/i A • • • A d A /fl/r A « A 5([m]) 
= (-l)" r+r (^/fl/i A • • • A d A/R f r A d A/R u) ® [to] + 

(-l)" r+n+r X)(dA/Ji/i A • • • A ck/*/r A « A Wfc ) ® [m fc ]. 
fc 

Under the identification (4.7) we have [mfe] = mfe, which completes the proof of (4.10). 
We now check that the map 

H£ R (B/R, (M B , V b )) - H^{A/R, (M,8)) 

induced by $ on cohomology respects the Gauss-Manin connection. We first observe that in the definition 
of $, we can replace R by C. The map 

*c : WX /C (g M B - 0^ (g M s 

A A 

defined by 

$c(0 = dA/c/l A • • • A d A/C /r A £ (4.11) 

induces a homomorphism of complexes 

*c : n B/c (g M B -> A/c [-r] (g M. 

B A 

The Gauss-Manin connection is obtained from the .Ei-terms of a spectral sequence associated to a certain 
filtration on the de Rham complex over C. To check that $ respects the Gauss-Manin connection, it suffices 
to show that $c respects this filtration, i. e., is a homomorphism of filtered complexes. 
These (decreasing) filtrations, which we denote by G', are given by 



G l n B/c = image of ^c &) S &) ^b?c ^b/c 

^ R ' B 

&a A/c = image of fe/c® ^) (g) fi I/c ^ ^/c- 

^ R ' A 



The surjection Sl\/ C — ► ^b/c Educes the surjection Vt R/c (^) R A — » O^, /c (g) fl _B. Thus if o> e G l il B , c , 
then we can choose a lifting cj G G J J7^, C . This filtration is compatible with exterior product, hence 



<4/c/i A • • • A d A/c fr Awe G'O™^ 



*O n + r 



It follows from (4.11) that ^ c {G i Q. B/c <g) B M B ) Q G i n A/c [-r]® A M. 

To complete this section, we determine the image of $. We define a subcomplcx L' of Sl' A / R ® A M by 
setting 

L n = {£ G F N _„(^ /fl (g)M) | 5(C) G ^_ n _!(fi^0M)}. 

A A 

Proposition 4.12 Suppose f\,...,f r define a smooth complete intersection Y C X and M is a projective 
A-module of finite rank. Then $ is an isomorphism of complexes from ^b/r^b Mb onto L'[—f\. 

We begin with a lemma. 
Lemma 4.13 Suppose w G ^T/^j <S> A Mb satisfies 

dA/Rfj Aw = for j = 1, . . . , r. 
TTien cj G im $ . 

Proof. It suffices to check the condition locally, i. e., to show that for any maximal ideal p of A, if 

(dA/Rfj) P Aw p = for j = 1, . . . , r, 

then w p G im $ p . Since fi^ / fl (£) A Mb is supported on Y, we may assume p corresponds to a point of Y . 
Furthermore, since M is projective, we may assume that M is a free ^4-module and thus reduce to the case 
M = A. But the smooth complete intersection hypothesis implies that (d A / R fi) p , ■ ■ ■ , (d A /Rf r )p can be 
extended to a basis of {Q\/ R )p as A p -module and (d A i R f\) p ® 1, ... , (d A i R f r ) p (8> 1 can be extended to a 
basis of {Q A / R ) P ® A B p > as _B p /-module, where p' denotes the image of p in B. Since 

n , 
^a/r)p (g) Bp = f\ ^ A/R )p (g) B p 

Ap Ap 

the result follows immediately 

Proof of Proposition J±.12. We have already proved that $ is an injective homomorphism of complexes 
and (4.10) shows that its image is contained in L'[—f\. So it only remains to prove L'[—r] C im <J>. Suppose 
£ G F N _ n (Q, n A/R ® A M). We may write 

s = X) Wfe ® [ m *=]' 

fc 
where u>k G ^^/ fi and m, k E M . Write 

V(m fe ) = ^uJki ®m k i 
i 

with LOki G fi^/fl and mw G M. By (4.4) we have 

r 

<K0 = J! d A/R^k [m fe ] + (-1)" X ^(Wfe A w fei ) [m k i] + (-1)" ^^fe/ii/j A w k ) <g> [y 3 m k ]. 

k k I j—1 k 

Using (4.1) and (3.5), we see that 6(g) 6 FAr_„_i(£7™j^ <g) A M) (and hence £ G L n ) if and only if 

d A /iifj A ^W)t® [m/b] J = for j = 1, . . . , r. 
By Lemma 4.13, this implies £ G im $. 



§5. Completion of the proof 

To complete the proof of Theorem 4.5, it suffices by Proposition 4.12 to show the following. 

Theorem 5.1 Suppose fi, • ■ • , f r define a smooth complete intersection Y C X and M is a projective A- 
module of finite rank. Then the inclusion L' <— ► Q' A , R &) A M is a quasi-isomorphism. 

We begin with a lemma. Let T be a local i?-algebra that is smooth over R of relative dimension TV and 
let /i, . . . , /jv be elements of the maximal ideal of T such that dx/Rfi, ■ • ■ , d T / R fpj form a basis for Qt/r- 
Let T" be a T-algebra, let y\ , . . . , y r be indctcrminates, and consider 

nT,R®T'[y u ...,y r ]. 

T 

It is a free T'[y\, . . . , y r ]-module with basis 

{dr/fl/ii A • • • A d T/R f in | 1 < »i < • • • < i n < N} (5.2) 

and is a free T'-module with basis 

{yl 1 ■ ■ ■ y a r r dr/Rfn A • • • A d T/R f in \ a u . . . , a r € N, 1 < »i <■■■<»„< JV}. (5.3) 

We grade T'[y\, . . . , y r ] by degee, i. e., 

T'[yi, ■■■, y r ] {d) = T'-span of y" 1 ■ ■ ■ y a r - with on + • • • + a r = d 
and we grade tt™ /R ® T T'[y u . . . , y r ] by 

Sr (d) (^T/ R <S>T'[ yi , . . .,y r ]\ = ^ /i? 0T'[ yi , . . .,y r ]( d+n - N \ 
The map fl™ /R (g) T T'[y u . . . , y r ] -> 0™+^ (g) T T'[y u . . . , y r ] defined by 

r 

u *-* ^2 Vj d T/Rf] A w (5.4) 

then makes Q' T , R (^) T T'[y\, . . . ,y r ] into a graded complex of T'-modulcs. 
Lemma 5.5 With notation and hypotheses as above, we have 

H n (g^ d \n T/R (g) T'[ yi , ..., y r })) =0 for d > N - n. 

T 

Proof. The proof is by induction on r. Suppose r = 1 and let 

u&Sl n T/R §Z)T'[y^ d + n - N \ 

T 

The condition d > N — n implies that to is divisible by y\, i. e., u> can be written 

w= ^2 Viu(ii,---,in)d T / R f il A---Ad T / R fi n 

l<ii<-<i n <N 

with ijj{i\, . . . ,i n ) € T'[yi]^ d+n ~ N ~ 1 \ The condition that wbea cocycle is that 

dr/Rfi A w = 0. 
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Since (5.2) is a basis, we see that this is the case if and only if w(ii, ■ ■ ■ , i n ) ^ implies i\ = 1. Put 

£ = ^2 u(l,i 2 ,...,i n )d T/R f l2 A--- Ad T/R f in . 

2<i 2 <---<i n <N 

Then £ e gr^f^^T'^]) and 

w = yidr/Rh A £, 

so w is a coboundary. 

Now suppose the lemma true for r — 1 and let 

«egr (d) (fiJ /iJ gT'[i ( i ifr]). 

T 

Let h be the highest power of j/i appearing in any term of u> (in the decomposition corresponding to the 
basis (5.3)) and let w^ 1 ) be the sum of all terms of a; of degree h in y\. Suppose h > 0. Looking at the terms 
of degree h + 1 in y\ in the cocycle equation 



gives 



hence 



X! yj d T/R.f] A cj = (5.6) 

=i 

(i r/fl / 1 A W (''»=0, 



^" = J! yiS,( i 2,---,in)d T/R f 1 Ad T/R f t2 A---Ad T/R f trl 

2<i 2 <---<i n <N 

for some £(* 2 , . . . ,i n ) € T'foi, . . . , tf r ]< d+n - !V - 1 >. Put 

£ = X! £,{ i 2,---,in)d T / R f l2 f\---Ad T/R f ln . 

2<i 2 <---<i„<N 

Then £ S gr( d )(f7j7^ T T'[yi, . . . , y r }) and the highest power of y\ appearing inw- (Sj=i Vjdr/Rfj A 
is < ft. — 1. 

We may thus reduce to the case h = 0, i. e., yi does not appear in u>. The cocycle equation (5.6) then 
implies 

d T /R.fi Auj = Q (5.7) 

and 

r 

J2yjd T / R f 1 Auj = 0. (5.8) 

From (5.7) we have 

w= J^ uj(i 2 ,...,i„)d T/R fi Ad T/R fi 2 A ■■■ Ad T/R f in 

2<i 2 <---<i n <N 

with w(i 2) • • ■ , in) e T'tiftj, . . . , y r ] (d+n - N K Put 

51 ^ 2 ' • ■ ■^n)d T /R.n 2 A ■ ■ -Ad T/R f ln G gr (d+1 \n^ R (g)T'[y 2 , . . .,y r \). 

2<i 2 <---<i n <N T 



From (5.8) we have 



^yjdr/Rfj Aw' = 0, 
i=2 



11 



so by the induction hypothesis there exists 

regr (d+1) (^0T'[y 2 ,...,y r ]) 



such that 

If we put 

then (5.9) implies 



^2yjdr/Rfj^^=u'. (5.9) 



J'=2 



£ = -dr/ fl /i A?'6 gr^(Q^J R 0J"b »r]). 



T 



X! Vj d T/Rfj A £ = rf T/_R./l A w' 
= W, 

hence a; is a coboundary. This completes the proof of Lemma 5.5. 

Proof of Theorem 5.1. To show that the inclusion L' ^—> fl' A , R ^ A M is a quasi-isomorphism, it suffices 
to show that the corresponding map of associated graded complexes (relative to the filtration F. defined 
previously) 

gr F (L-)<->gv F (n A/R (g)M) (5.10) 

A 

is a quasi-isomorphism. But F. induces the "stupid" filtration on L': 

F T n_j L n i£d>N-n, 

d \ if d < N - n, 

hence gr F (L') is the complex with L N ~ d in degree N — d and zeros elsewhere if < d < N and is the zero 
complex otherwise. Thus the assertion that (5.10) is a quasi-isomorphism is equivalent to the assertion that 

- L N - d - F d (Cl^ (g) M) -, grj(^- d M) - • • • - grJ(Q^ M) - 

A A A 

is exact for < d < N and 

- gr F (Q° A/R (g) M) _> . . . _> g r J(0^ /fl M) ^ 

is exact for d > iV. The definition of L' shows that the sequence 

- L N - d -, F d {^ A J d M) ^ gr F (n^- d ® M) 

A A 

is exact for < d < N. Thus we need to show that the sequence 

S^^T/r 0*)- & F ^a/r M) - grj(^ M) (5.11) 

AAA 

is exact whenever d > N — n, i. e., that 

H n (gr F (£l A/R M)) = whenever rf > iV - n. 

A 
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There are natural identifications of A-modulcs 

&d(n n A/R M) ~ n n A/R (g) (F d+n _ N M c /(F d+n _ N _ 1 M c + J2 D yi (F d+n _ N M c ) 

A A ^ ' ^ j=l 

A V ' j=l 



^0 ^(8>%i.--^ 



'a/k \<_y \ "* \<_y " iw-i.) • • • j »' j 

We are thus reduced to proving 

H n (gr^(nS /fl ®(M0B[i/ ■!,..., y r ])))=0 for d > TV - n, (5.12) 

where 

gr (d) (f^/fl ®(M (g) B[ yi , . . . , y r ])) = Cl A/R ®(M (g) B[y u . . . , y r } (d+n - N) ) 

A A A A 

and the coboundary map of the complex is given by 

r 

u ^ y^yj d A/Rfj aw. 

To prove the vanishing result (5.12), we may first localize at a maximal ideal p of A. Since M is a 
projective A-module, we may assume M is free and thus reduce to the case M — A. Furthermore, this 
complex is supported on Y, so we may suppose p corresponds to a point of Y. We thus want to show that 

H n (gT^((n A/R ) p (^)B p ,[y l7 . . .,y r })) = for d > N - n, 

A p 

where p' denotes the image of p in B. But the smooth complete intersection hypothesis implies that there 
exist / r+ i, . . . , f N e A p such that d Ap /nJi, ■ ■-, d Ap /R.fN form a basis for ^\ p/R ^ (fl 1 A/R ) p . The result 
then follows by applying Lemma 5.5 with T — A p and T" = B p i . 

§6. Hypergeometric equations 

In this section we fix X — A R and discuss the case of a smooth complete intersection Y C A^ defined by 
fiT--i.fr £ R[x\, • • • , xn]. In the notation of the previous sections, we have 

A = R[xi,...,xn] 

B = R[x u ...,x N ]/{f 1 ,...,f r ) 

C = R[xi,...,x N ,yi,...,y r }. 

We take M = A with the standard connection, hence Mb = B with the standard connection and we are 
computing the usual de Rham cohomology of the variety Y. Theorem 2.5 gives (where S — Spec(i?)) 

HZ R (Y/S) ^H^(C/R,(C,V F )), (6.1) 

where Vj? is the connection 

Vf(fi) = d c/n ji + d c/R F <g> n 

with fj, € C, F = j/i/i + • • ■ + y r f r G C. Let D R be the ring of C-linear differential operators with coefficients 
in R, i. e., D R is the subring of Endc(-R) generated by R and Derc(-R). 

We will be mainly interested in H DR r (Y/R). As noted in the introduction, this is given by (1.2) and 
the action of a derivation d G Derc(-R) on H- DR r (Y/S) is given by (1.5). We shall see that the differential 
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equations satisfied by cohomology classes of (N — r)-forms on Y can be determined from the monomials that 
appear in the fj. For j = 1, . . . , r, write 

Jj = 2^, 3> iX 3 ' Z ' 
i=l 

where Xj.i G R and each d 3 \i is an ./V-tuple of nonnegative integers. Let 

r 

F = E^ 

j=i »=i 

where e\,...,e r are the standard unit basis vectors in R r . We let [x u y v ] G H^ r (C/R, (C, V_f)) be the 
cohomology class represented by the differential form 

\N+r 



x u y v dxi A • • • A dx N A dy\ A • • • A dy r G H^/R- 

—r 

/R 

r a f , i 

J„ = det 



We define for each u G N N an (N — r)-form lv u G ^^/r as follows. For any subset a — {ii, . . . , i r } C 
{1,..., TV}, put 

d.f: 



V x ik Jj,fc=l,...,r 

and let F ff C 7 be the open subset where J CT is invertible. Consider the differential (N — r)-form on Y a 

(s&n (T)X U " — ~~ "■ — ~- 

— dx\ A • • • A dx n A • • • A dx ir A • • • A dxN, 

where sgn a = ±1 is chosen so that 

(sgn a) dx\ A • • • A dx^ A • • • A dxi r A • • • A dx^r A dxi 1 A • • • A dxj r = dx\ A • • • A da: at. 

One checks that these forms agree on overlaps Y a n IV, hence define a global (iV — r)-form lu u G ^^Tr- 

Let [uj u ] denote the cohomology class of lu u in H D¥i r (Y/S). One checks that [u) u ] corresponds to [x u ] 
under the isomorphism of Theorem 2.5. Note that by Theorem 5.1, the cohomology classes [x u ] span 
H^+ r (C/R, (C, Vf)), hence by Theorem 2.5 the classes [w u ] span H* R r {Y/S). 

The main purpose of this section is to describe a left ideal Ir(u, v) of Dr that annihilates [a^y"]. By the 
preceding remarks, Ir(u,0) then annihilates the cohomology class [u> u ] G H BR r (Y/S). To define these left 
ideals, we define them in the "generic" case, and take the "pullback" to Y. 

By the "generic" case, we mean the following. Let {{ij,i} (j = 1, • • • , r, i = 1, . . . , 5j) be a collection of 
indctcrminates and C[/x] the polynomial ring in these indeterminatcs. For j = 1, . . . , r, put 

Sj 

Jj — / j ^j,i x 3 ' Z > 

i=l 

3 = 1 
r Sj 

3 = 1 i=l 



Let A^Ir , denote affine -/V-space over C[/x] with coordinate ring A^ = C[/j][xi, . . . ,xn] and put C^ 

V F ( M ) (w) = dc„/CMW + dc,/c[rff ( ' l) A w. 



^4/i[yi: • • • 1 2/r]) the coordinate ring of A c pT. Let V F o) be the connection on C^ defined by 
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We let [x u y v ]^ G ff DI [' '(C M /C[/Lt], (C M , Vp-o*))) be the cohomology class represented by the differential form 

a;'"?/ 1 ' dxi A ■ • ■ A dx^ A dyi A • ■ • A eh/ r . 

Let Dc[fi] be the ring of differential operators in the d/d/j,j } i with polynomial coefficients. We describe a 
collection of differential operators in -Dcf/i] that annihilate [x u y v ]^. 

First we recall the definition of the hypergeometric system associated to the collection of lattice points 
{(dj,i,ej) \ j = l,...,r, i = l,...,Sj} C R N+r (see Q). Let E C Z^+-+5 r be the group of relations 
among these lattice points, i. e., 

r Sj 

E={(b j , i )\J2J2hi(d J ,i,e j ) = 0}. 

3=1 i=l 

For b = (bj t i) G E, let □ & be the constant coefficient differential operator 

Write dj, i = (dj.iil), . . . , d jti (N)) € N N . Define 

Z k = ^^dj^tyfij.i- for k = 1,. ..,JV, 

ZN+k = ^ Hk.i^ for fc = 1, . . . ,r. 

~[ "MM 

Let /3 = (pi, . . . , Pn+t) S C +r . By the hypergeometric system with parameter [5 associated to the collection 
of lattice points {(dj t i, Gj)}j,i we mean the system of differential equations 

O b (Y) = for all b E E, (6.2) 

Z k (Y) = p k Y iotk = l,...,N + r. (6.3) 

Recall (|ll|], see a l so Q) that this system is holonomic. 

Theorem 6.4 The cohomology class [x u y v ]^ G iJ Dr ^ r (C Al /C[^], (C p , V F (n))) satisfies the hypergeometric 
system 

V b ({x u y%) = forbeE, 
Z k ([x u y v U) = -K + l)[^V]p fork=l,...,N, 
Z N+k ([x u y v }^ = -(v k + l)[x u y v }^ for k = 1, . . .,r, 

where we have written u = (v,%, . . . ,un), v = (u 1; . . . ,v r ). 

Proof. One computes directly from the definition of V F (^> that there is an isomorphism of -Dcm -modules 

H^ r {C,/C[^(C,,V FM ))^cJ(J2D^(C,)+J2D^{C,)\ (6.5) 

' m=i j=i ' 



where 



^ ~ dx t + ^ Vj dx % ' 
nW _ JL_ i fM 
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Under this isomorphism, the cohomology class [x u y v ] ll in the left-hand side corresponds to the class of the 
monomial x u y v in the quotient on the right-hand side. Furthermore, the action of d/dfij.i on 
_ffp R hr (C M /C[^], (C M , V F ( M ))) is induced by the action of the differential operator 



D 



d dF^ 



Vj,- 



d/j, jti dfijA 



i) 



dnj yl 



+ x aj - i y e 



on Cn. In particular, 



d\i 



3,1 



[x u vX 



c u+ dj , iy v + e^ 



More generally, if {fej.i} is a collection of nonnegative integers, 



n 



dfij.i 



[x y }» = [x z ^* y z ^* \ 



It follows immediately from the definition of E that n b ([x u y v ] fl ) = for all b G E. 
Using (6.6), we see that for k = 1, . . . , N, 



(6.6) 



Zk([x n y v U) 



•j=i »=i 

. r 5,- 
•j=l »=1 



Note that 



£>&WV) = (« fc + i)sV +(!>**-£- )sV 



i=i 



<9x fc 



= (« fc + l)a:V + X)£ d ^( fc ) 
i=i »=i 

thus ^fe([x u y"] M ) = -(«fc + l)[x tI 2/ t, ] M . For fc = 1, ... ,r, we have 



H i , i x v ^ d '' l y v+e ' 



^N+k 



([*V 



£ MM ^.>V) 



i=l 

r S k 



„u+d k i v+e k 



i=l 



But 



r>M(a;V +e *) = ( Vfc + l)x u y v + frx u y v+e *, 



thus ZAr + fc([a:'"y' u ] /i ) = — (vk + \)[x u y v ] ll . This completes the proof of Theorem 6.4. 

We use this result to describe left ideals in Dr that annihilate the [£"$/"] and [oj u ]. Let I(u,v) C £>cm 
be the left ideal generated by the n b for b G £", the Zj. + uj. + 1 for k = 1, . . . , N, and the Z/v+fc + w,t + 1 
for fc = 1, . . . ,r. By Theorem 6.4, /(w, v) annihilates [x u y v ] il . Let : C[/i] — ► i? be the homomorphism of 
C-algebras defined by setting <j>(fj,j,i) = Xj,i for all j, i. Via <f), we regard R as a module over C[/z]. There is 
a standard construction that associates to any module M over -C*c[^] a module M* over Dr, namely, take 
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M* = R<S> c i u ] M with the following action. We regard M* as a module over R in the obvious way, while 
the action of d £ Dcrc (R) on M* is defined by the formula 

r 6 i q 

d(e m) = d(e) m + NJ \J e ^(^j,i) ® o ( TO ) 

J — 1 2—1 J ' 

for e E R. This construction is functorial, in particular, the inclusion i : I{u, v) ^-> ^C\p] gives rise to a 
homomorphism of D^-modules 

i* = id. 6 : 7(«,v)* = iZ® /(«,*) - (I>c M )* = #(g)7> CM . 

CM c[ M ] 

Heuristically, (-Dc[^])* consists of formal differential operators in the d/dp,j t i with coefficients in R. Of 
course, these differential operators do not form a ring, in general, but they do form a module over Dr 
(using the above definition). We define a homomorphism p : Dr — » {DquA* of 7>^-modules by setting 
p(L) — L ■ (1 1). Let 7r(w, w) C D# be the inverse image of l*(I(u, v)*) under p. It is a left ideal of Dr. 

Theorem 6.7 The differential operators in the left ideal Ir{u,v) annihilate the cohomology class [x u y v ] £ 
H»+ r {C/R,{C,V F )). 

The following corollary is then an immediate consequence of our discussion of [uj u ] at the beginning of 
this section. 

Corollary 6.8 Suppose /i,...,/ r define a smooth complete intersection Y C A^L Then the differential 
operators in the left ideal Ir(u,0) annihilate the cohomology class [u) u ] £ H DR r (Y/S). 

Proof of Theorem 6.7. Since H^ r (C / R, (C, Vf)) is given by the right-hand side of (1.2), equation (6.5) 
and the right-exactness of tensor product give 

<+ r (C/fi,(C,V F )) ~ R(g)Hg+ r (C,/C[p},(C„V FM )) (6.9) 

CM 

(an isomorphism of D^-modules) . One checks that under this isomorphism [cc"?/"] corresponds to 1® [x'yj^. 
Let 7 U)t) : 7> C M — ► i7 ] ^ hr (C M /C[/u], (C M , V F w)) be the homomorphism of Dcy -modules defined by 
setting j u ,v(L) — L{{x u y v ] IJ ). By Theorem 6.4, 7(u, w) lies in the kernel of "y UtV . Tensoring with R, we get a 
homomorphism of D /{-modules 

J*u, v ■■ (D CM )* -fl(g)< +r (C M /CM,(C„V f( .)) 
CM 

whose kernel contains o*(I(u, v)*). Composing with p, gives a homomorphism of D^-modulcs 

<,v°P- D R ^ R^H^{CJC\n],{C^, V F( „)) 
CM 

which sends L to L ■ (1 [x^y"]^) and whose kernel contains Ir(u,v). Using the identification (6.9), wc 
may regard this as the homomorphism of D^-modules from Dr to H BR r (C/R, (C,Vf)) that sends L to 
L([x u y v }). The fact that its kernel contains Ir(u, v) is the assertion of the theorem. 

Example. Consider the Legendre family of (affinc) elliptic curves Y defined by f(xi,x 2 ) = 0, where 

f(xi,x 2 ) = x\- x\{x\ - l)(xi - A). 

We regard this as a smooth affine plane curve over R = C[A, (A(l — A)) -1 ]. The differential wo £ T(Y, ^y/g) 
is given on the open set where x 2 i= by ujq = dx\/2x 2 . We show that the left ideal 7^(0,0), which by 
Corollary 6.8 annihilates [ujq] £ H^ R (Y/S), is generated by the Gaussian hypergeometric operator 



d\ 2 1 - 2A d 



dXJ A(l-A)dA 4A(1-A)' 
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(6.10) 



Multiplying out the formula for f(x\,X2), wc get 

f{x 1 ,x 2 ) — x\ - x\ + (A + \)x\ - \x\. 

Thus 

f^\xi,x 2 ) — /x\x\ + /i 2 x\ + /j, 3 xl + mxi 

and the map <j) : C[/i] — > R is defined by 

cj){Hi) = 1, 0(^ 2 ) = -1, 0(M3) = A+1, (/>(/i 4 ) = -A. 

By definition, the left ideal 7(0, 0) C D^y is generated by the four operators Zi + 1 for i = 1, 2, 3, where 

_ 9 9 9 

Zi = 3yu 2 ^ ^ 2 M3^ h/U4^ — 

9/z 2 9/x 3 8/14 

7 9 9 

^2 = 2/ii - — 

9/Ul 

_ 9 9 9 9 

9yUl 9^2 9^3 9yU 4 



9 \ 8 8 



and 

°= (77-) -77-77-- (6.H) 

V 9/u 3 J 8/i 2 9/x 4 

There is a natural map -Dcfu] ~~ * {Dc\p])* which sends L to 1 <g> L. To simplify notation, we write L* in 
place of 1 <8> L and we represent elements of (-Dcf/il)* as differential operators in the 8/8/ii with coefficients 
in R. Thus if 

L = ^.9fc(Mi>M2,M3,M4)( Q-j eflcH, 



where k is a multi-index, then 

r = 5>(W,A+l,-A)(£) G (D CM ; 



9 xfc 
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The D^-homomorphism p : 7)^ — ► (Dcm)* carL then be expressed as follows. If P = Y^i=i hi(\)(8 / 8X) 1 G 
D_r, then 

The left ideal Jr(0,0) C D fl consists of all P G D R such that p(P) G t*(I(0,0)*). 

Lemma 6.13 The D^-module (Dc^)* /l*(I(0,0)*) is a free, rank 2 R-module with basis 1,8/8/13. 

Proof. The fact that Zi + 1 G 7(0,0) for i = 1,2,3 allows us to express /iid/8/ii modulo 1(0,0) for 
i = 1,2,4 in terms of 1138/8/13. Explicitly, 

/ii^- = -i (mod 7(0,0)) (6.14) 

M277- = tUj— (mod 7(0,0)) (6.15) 

U/l 2 <J/X\ 

, 4 A , -f^4 (mod 7(0,0)). (6.16) 

It follows from these equations that, after multiplication by a monomial in /i\,/i 2 , M4i every L G Dcy can 
be expressed modulo 7(0,0) as a polynomial in 8/8/13 with coefficients in C[/i]. Since A is invertible in 7?, 
this implies that the powers of 8/8/13 span (7) C [ /J ])*/t*(7(0, 0)*) as 7?-module. From (6.11) we get 

9 \ / 9 \ / 9 



(,,„, 0^ = ^/41^ "(^A^J eI({) 0) ((UV) 
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Substitution from (6.15) and (6.16) then gives 



(4/ ' 2/ ' ! ~ ^ dJ^J ~ 2fl3 d^ ~ 4 e /( °' 0) ' (6 ' 18) 



This implies that 



d Y 2(A+1) d 



d^J (A-l) 2 %3 4(A-1) J 



£t* (7(0,0)*) (6.19) 



and also that \,d/d^ span (-DcLul)*/ 1 * (7(0,0)*) as _R-modulc. If there were a nontrivial i?-linear relation 
between 1 and 8/8/13 in this quotient, it would follow from (6.16) that there is also a nontrivial i?-linear 
relation between 1 and d/d/i^ — d/d/j.4. By (6.12), this would imply that there exists a nontrivial first-order 
operator in 7^(0, 0). Such an operator annihilates [wq], hence there is a nontrivial R- linear relation between 
[uj ] and (d/d\)([oJo]). But it is well-known (and easily checked) that 

§x {M = -2()hT) [uJo] + 2X[hr) [wi] ' 

giving a nontrivial i?-linear relation between [uo] and [oji]. But this contradicts the fact that [u>o] and [tui] 
form a basis for the de Rham cohomology of the generic fiber of Y — > S. This establishes the lemma. 
We now consider a second-order operator 

d \ 2 .,., d 



for which wc have 



p = I T\ ) + Am lx + B W eD »- ( 6 - 2 °) 



» {p > = (£;-£;) + Am (i;-£;) + B(X) £ {D ^"- (6 - 21) 

We express p(P) modulo l* (1(0, 0)*) in terms of the basis 1, d/d/13. The procedure is to expand the expression 
(6.21) and express (d/d/j,^ 2 , (d/dp^) (8/8/14), and 8/8/14 in terms of 1, d/d/13, and (d/d/i^) 2 . We can then 
use (6.19) to express everything in terms of 1 and 8/8/13. Using (6.15) in (6.11) gives 

8 V ( 8 V 8 



hence 



^[djrj -^WJ -^ e/(0 ' 0) ' 



8 V l/9\ 2 19 



Wj s j(ofJ + -Mht, <™ d ''"("- )*»»' < 6 - 22 > 



Applying 8/8/13 to (6.16) gives 



8 8 ( 8 \ 3d 



hence 



Equation (6.16) gives 



2^475 — t^ h M3 ( 75 — ) +-7— £7(0,0), 

a nz dm \o[i 3 J 2 8/i 3 



° A + J " +^r (mod,* (7(0,0)*)). (6.24) 



8/14 2A d/13 4A 
Expanding (6.21) and substituting (6.22), (6.23), and (6.24) gives 

1-2A . _A-1\<9 1 .,.,1 



l>ir] ~ \^2X 2 - +A{X) ^ir)dJ- 3 + Iy~ A{X) I\ +B{X) ( modt *( 7 (°> )*))- ( 6 - 25 ) 
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Solving for A(\) and B(X), we see that p(P) = (mod t*(7(0,0)*)) if and only if 

1 — 2A 1 

^(A) = — — and B(X) 



A(l-A) v ' 4A(1-A)' 

Substituting these expressions in (6.20) gives (6.10). 

We have proved that (6.10) is the unique monic second-order operator in Ir(0, 0). We saw in the proof 
of Lemma 6.13 that there are no lower-order operators in Ir(0, 0), hence (6.10) generates this left ideal. 
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